Geometric conditions are given so that the leafwise reduced cohomology is of infinite dimension, especially for foliations with dense leaves on closed manifolds. The main new definition involved is the intersection number of subfoliations with "appropriate coefficients." The leafwise reduced cohomology is also described for homogeneous foliations with dense leaves on closed nilmanifolds.
1.
Introduction. Let F be a C 1 foliation on a manifold M. The leafwise de Rham complex (Ω (F), d F ) is the restriction to the leaves of the de Rham complex of M; i.e., Ω(F) is the space of differential forms on the leaves that are C 1 on the ambient manifold M, and d F is the de Rham derivative on the leaves. We use the notation Ω(F) = C 1 ( V T F) meaning C 1 sections on M. The cohomology H (F) = H (Ω(F), d F ) is called the leafwise cohomology of F.
It is well known that H (F) can also be defined as the cohomology of M with coefficients in the sheaf of germs of C 1 functions which are locally constant on the leaves, but we do not use this. The (weak) C 1 topology on Ω(F) induces a topology on H (F), which is non-Hausdorff in general [16] . The quotient space of H (F) over the closure of its trivial subspace is called the leafwise reduced cohomology of F, and denoted by H (F). Similarly, we can also define Ω c (F), H c (F) and H c (F) by considering compactly supported C 1 sections of V TF .
For degree zero we have that H 0 (F) = H 0 (F) is the space of C 1 functions on M that are constant on each leaf-the so-called (smooth) basic functions; thus H 0 (F) = R if the leaves are dense. Though density of the leaves also seems to yield strong restrictions on the leafwise cohomology for higher degree, this cohomology may be of infinite dimension when leaves are dense and M is closed. In fact, for dense linear flows on the two-dimensional torus, we have dim H 1 (F) = 1 when the slope of the leaves is a diophantine irrational number such that the canonical pairing H k (F) H k (F) 0 ! R corresponds to the product of the evaluation of distributions on C 1 functions and the intersection pairing. Now observe that, according to [32] , the right-hand side spaces in (1) and (2) are respectively generated by elements of the form f [K 1 ] and D [K 2 ], where f is a C 1 function on T, D is a distribution on T, and K 1 , K 2 L are closed oriented submanifolds of dimensions p ; k, k. Hence dim H k (F) = 1 is equivalent to the existence of sequences of elements f m [K 1 ] and D n [K 2 ] as above so that determined by the family of closed oriented submanifolds ftg K 1 of the leaves of F and the family of coefficients f m (t). The elements D n [K 2 ] have a similar interpretation by considering distributions as generalized functions. A key property here is that the families ftg K 1 and ftg K 2 depend smoothly on t, determining C 1 subfoliations F 1 , F 2 of F. Other key properties are the C 1 dependence of the coefficients f m (t) on t, and the distributional dependence of the generalized coefficients D n (t) on t. This means that the f m are C 1 basic functions of F 1 and the D n are "distributional basic functions" of F 2 ; i.e., the D n are holonomy invariant transverse distributions of F 2 . It turns out that these key properties are enough to generalize the above ideas in a way that can be applied even when the leaves are dense, obtaining our first main theorem that roughly asserts the following:
For a C 1 oriented foliation F of dimension p, we have dim H k c (F) = 1 when F has oriented subfoliations F 1 , F 2 of dimensions k ; p, p, and there is a sequence of basic functions f m of F 1 and a sequence of transverse invariant distributions D n of F 2 , such that the corresponding "intersection numbers" are nontrivial if and only if m = n-certain simple conditions are also required for the "intersection numbers" to be defined.
We do not know whether such conditions form a characterization of the cases where dim H k c (F) = 1; this depends on whether it is possible to "smooth" the representatives of classes in certain leafwise homologies introduced in [3] . Indeed the above f m and D n play the role of coefficients in homology, assigning a number to each leaf of the subfoliations; the way these numbers vary from leaf to leaf is what makes these coefficients appropriate.
Though these conditions are difficult to check in general, this result has many corollaries which are easy to apply. For instance, suppose an oriented foliation F is Riemannian-in the sense that all of its holonomy transformations are local isometries for some Riemannian metric on local transversals [29, 25] . Then dim H c (F) = 1 if F is of positive codimension and some leaf of F contains homology classes with nontrivial intersection. These conditions are quite simple to verify. In this case, the infinitely many linearly independent classes obtained in H c (F) can be considered as "transverse diffusions" of the homology classes in the leaf. This diffusion idea is inspired by the unpublished preprints [20, 4] . Indeed [20] is the germinal work about the relation of the analysis on the leaves and on the ambient manifold obtained by transverse diffusion.
Other consequences of the above general theorem hold when F is a suspension foliation. That is, the ambient manifold of F is the total space of a fiber bundle M ! B with the leaves transverse to the fibers, and such that the restriction of the bundle projection to each leaf is a regular covering of the base B. Now dim H c (F) = 1 when B is oriented and has homology classes with nontrivial intersection satisfying additional properties with respect to the holonomy of F.
In this case the leaves may not contain homology classes with nontrivial intersection, and thus the idea of "transverse diffusion" of homology classes in the leaves may fail. In fact we shall see that the infinite dimension of H 1 c (F) may be more related to the number of ends of the leaves.
To explain another theorem of this paper, recall that a foliation F on a manifold M is a Lie foliation when it has a complete transversal diffeomorphic to an open subset of a Lie group G so that holonomy transformations on this transversal correspond to restrictions of left translations on G-this type of foliation plays a central role in the study of Riemannian foliations [25] . The Lie algebra g of G is called the structural Lie algebra of F; we may also simply say that F is a Lie g-foliation. In this case, if M is closed and oriented, and g is compact semisimple, then we obtain that dim H (F) = 1 when some additional hypotheses are satisfied. Again we use homology classes with nontrivial intersection in the hypotheses, but now they live in the homology of M. The proof of this result is reduced to the case of suspension foliations to apply what we already know. This reduction process contains rather delicate arguments based on the work [2] of the first author.
The above results are negative in the sense that all of them give conditions for the nonexistence of finite Betti numbers for the reduced leafwise cohomology. In contrast, our final theorem shows that the reduced leafwise cohomology of the so-called homogeneous foliations with dense leaves in closed nilmanifolds is isomorphic to the cohomology of the Lie algebra defining the foliation. This has been also proved by X. Masa with different techniques.
Main results.
For the sake of simplicity, all manifolds, foliations, maps, functions, differential forms and actions will be assumed to be C 1 from now on, unless the contrary is explicitly stated.
Let F be a foliation on a manifold M. For any closed saturated subset S M,
let Ω S (F) Ω (F) be the subcomplex of leafwise differential forms whose support has compact intersection with S. Consider the topology on Ω S (F) determined as follows: A sequence n 2 Ω S (F) converges to zero if it converges to zero in Ω (F) and there is a compact subset K S such that S \ supp n K for all n. We have the corresponding cohomology H S (F), and reduced cohomology H S (F). With these notations, observe that Ω (F) = Ω (F) and Ω c (F) = Ω M (F) as topological vector spaces.
Let f : (M 1 , F 1 ) ! (M 2 , F 2 ) be a map of foliated manifolds, and let S i M i , i = 1, 2, be closed saturated subsets such that the restriction f :
The following is what we need to define the intersection number of subfoliations with "appropriate coefficients": An oriented foliation F on a manifold M, and two immersed oriented
Each i is transversely regular in the sense that it defines embeddings of small enough local transversals of F i into local transversals of F; i.e., the homomorphism defined by the differential of i between the normal bundles of F i and F is injective on the fibers. A compactly supported basic function f of F 1 . A holonomy invariant transverse distribution D of F 2 such that the map 2 : supp D ! M is proper.
The restrictions 1 j supp f and 2 j supp D intersect transversely in F in the sense that, for all leaves L i of F i and L of F such that L 1 supp f , L 2 supp D and 1 (L 1 ) 2 (L 2 ) L, the immersed submanifolds i :
Observe that there are open neighborhoods N 1 of supp f and N 2 of supp D such that the i j N i intersect transversely in F. Consider the pull-back diagram Here T = f(x 1 , x 2 ) 2 N 1 N 2 j 1 (x 1 ) = 2 (x 2 )g, and the i are restrictions of the factor projections. It is easy to check that 1 2 : N 1 N 2 ! M M is transverse to the diagonal ∆, and thus T is a manifold with dim T = codim F 2 . Moreover the i are immersions, and 2 is transverse to F 2 . So D defines a distribution on T, which will be denoted by D T . We also have the locally constant intersection function ": T ! f 1g, where "(x 1 , x 2 ) = 1 depending on whether the identity
is orientation preserving or orientation reversing. On the other hand
is a compact subspace of T since 1 2 : supp f supp D ! M M is a proper map. Thus the following definition makes sense.
Definition 2.1. With the above notations, the intersection number of ( 1 , f ) and ( 2 , D), denoted by h( 1 , f ), ( 2 , D)i, is defined as D T ( g) for any compactly supported function g on T which is equal to the product " 1 f on some neighborhood of supp 1 f \ supp D T . Now our first main theorem is the following. THEOREM 2.2. Let F be an oriented foliation on a manifold M, and i : (M i , F i ) ! (M, F), i = 1, 2, transversely regular immersed oriented subfoliations. Suppose dim F = dim F 1 + dim F 2 , and codim F = codim F 1 . Let f m be a sequence of compactly supported basic functions of F 1 , and D n a sequence of holonomy invariant transverse distributions of F 2 such that each restriction 2 : supp D n ! M is a proper map. Suppose each pair 1 j supp f m and 2 j supp D n intersect transversely in F, and h( 1 , f m ), ( 2 , D n )i 6 = 0 if and only if m = n. Then dim H k c (F) = 1 for k = dim F 2 .
The following two corollaries are the first type of consequences of Theorem 2.2; the second corollary follows directly from the first one. COROLLARY 2.3. Let F be an oriented foliation of codimension q > 0, L a leaf of F, and h: 1 (L) ! G 1 q its holonomy representation, where G 1 q is the group of germs at the origin of local diffeomorphisms of R q with the origin as fixed point. Let i : K i ! L, i = 1, 2, be smooth immersions of closed oriented manifolds of complementary dimension and nontrivial intersection. Suppose there is a Riemannian metric on R q so that the elements in the image of the composites
are germs of local isometries. Then dim H k i c (F) = 1 for k i = dim K i , i = 1, 2. COROLLARY 2.4. Let F be an oriented Riemannian foliation of positive codimension. Suppose some leaf of F has homology classes of complementary degrees, k 1 and k 2 , with nontrivial intersection. Then dim H k i c (F) = 1, i = 1, 2.
Before stating the next type of corollaries to Theorem 2.2, recall that a suspension foliation F is given as follows. Let : L ! B be a regular covering map of an oriented manifold, and let Γ be its group of deck transformations. For any effective action of Γ on some manifold T, consider the right diagonal action of Γ on L T: (z, t) = (z , ;1 t) for 2 Γ and (z, t) 2 L T. Then F is the foliation on M = (L T)=Γ whose leaves are the projections of the submanifolds Now let F be a Lie g-foliation on a closed manifold M. The following property characterizes such a foliation [12, 24, 25] . Let e M be the universal covering of M, e F the lift of F to e M, and G the simply connected Lie group with Lie algebra g. Then the leaves of e F are the fibers of a fiber bundle e M ! G, which is equivariant with respect to some homomorphism h: 1 (M) ! G, where we consider the right action of 1 (M) on e M by deck transformations and the right action of G on itself by right translations. This h and its image are respectively called the holonomy homomorphism and holonomy group of F. Observe that the fibers of D are connected because G is simply connected (a connected covering of G is given by the quotient of e M whose points are the connected components of these fibers). THEOREM 2.9. With the above notation, suppose that M is oriented and the structural Lie algebra g of F is compact semisimple. Let i :
be immersions of closed oriented manifolds of complementary dimension defining homology classes of M with nontrivial intersection. Let Γ i be the image of the composite
Suppose the group generated by Γ 1 Γ 2 is not dense in G. Let k = dim K 2 , and suppose either 1 k 2 or 1 is transverse to F. Then dim H k (F) = 1.
The following is our final theorem. THEOREM 2.10. Let H be a simply connected nilpotent Lie group, K H a normal connected subgroup, and Γ H a discrete uniform subgroup whose projection to H=K is dense. Let F be the foliation of the closed nilmanifold ΓnH defined as the quotient of the foliation on H whose leaves are the translates of K.
Then there is a canonical isomorphism H (F) = H (k), where k is the Lie algebra of K.
The following two examples are of a different nature. In both of them there are infinitely many linearly independent leafwise reduced cohomology classes of degree one. But these classes are induced by the handles in the leaves in Example 2.11, whereas they are induced by the "branches" of the leaves that define a Cantor space of ends in Example 2.12.
Example 2.11. [4] Let L be a Z-covering of the compact oriented surface of genus two; i.e., L is a cylinder with infinitely many handles attached to it. Each handle contains two circles defining homology classes with nontrivial intersection.
Hence for any injection of Z into the n-torus R n =Z n , the corresponding suspension foliation fulfills the hypotheses of Corollary 2.6, and thus has infinite dimensional reduced leafwise cohomology of degree one. We could also use Corollary 2.4 instead of Corollary 2.6.
Example 2.12. Let Γ be the free group with two generators, and L a Γcovering of the compact orientable surface of genus two. This L has a Cantor space of ends. Hence, for any injective homomorphism of Γ in a compact Lie group, the reduced leafwise cohomology of degree one of the corresponding suspension foliation is of infinite dimension by Corollary 2.7.
Leafwise reduced cohomology and subfoliations.
This section is devoted to the proof of Theorem 2.2. With the notations introduced in Section 2, the idea of the proof is the following. The ( 1 , f m ) yield elements m 2 H r c (F) by "leafwise Poincaré duality." On the other hand, the arguments in [16] show that each D n can be considered as an element in H r S n (F 2 ) 0 , where S n = supp D n M. Moreover there are homomorphisms 2 : H c (F) ! H S n (F 2 ) since the 2 : S n ! M are proper maps. Then the result follows by verifying h( 1 , f m ), ( 2 , D n )i = D n ( 2 m ).
We first explain the way "leafwise Poincaré duality" works. Consider the transverse complex Ω c ( Tr F) introduced in [16] , which will be only used for degree zero. 
is the local quotient map whose fibers are the plaques in U i , then appropriateness of this covering means that each equality
, and the collection of all of these diffeomorphisms generates the pseudogroup H on T = F i T i . Fix also a partition of unity i subordinated to the covering U i . With these data we have a map Ω p c (F) ! Ω c (T) given by 7 ! P i R f i i , where p = dim F and R f i denotes integration along the fibers of f i . This "integration along the leaves" induces an isomorphism H p (F) = Ω 0 c ( Tr F) of topological vector spaces, which is independent of the choice of the U i and i [16, does not depend on the choices of and , and thus this is a good definition of D( ). Theorem 2.2 will follow easily from the following result, which will be proved in Section 4. 
for any subfoliation 2 : (M 2 , F 2 ) ! (M, F) and any holonomy invariant transverse distribution D of F 2 so that the left-hand side of (4) is defined. In the right-hand side of (4), D is considered as an element of H k S (F 2 ) 0 for S = supp D, and 2 denotes the
We do not know whether (4) completely determines . If so, could be called the leafwise Poincaré dual class of ( 1 , f ). 
Leafwise Poincaré duality.
This section will be devoted to the proof of Proposition 3.1.
On the Thom class of a vector bundle.
The following lemma is a technical step in the proof of Proposition 3.1, which will be proved in Section 4.2. of such that the homomorphism between the normal bundles of N and M, defined by the differential of h, restricts to orientation preserving isomorphisms between the fibers. Let Φ n be the forms on E given by Lemma 4.1, K N a compact subset, and f a function on M. Then ;1
is compact for large enough n, and the sequence of functions R N h ( f Φ n ) converge to f over K with respect to the C 1 topology.
Proof. Let U 1 , : : : , U m be a finite open cover of K such that each : U i ! M is an embedding. For each i, there is a compactly supported function f i on M which is supported in some tubular neighborhood W i of (U i ), and such that f = f 1 + + f m on some neighborhood of (K). Then, taking a neighborhood V i
around K, yielding the result if each term in the right-hand side of (5) converges to f i . Therefore we can assume ,˜ and h are embeddings.
With 
Clearly, satisfies the conditions of Lemma 4.1, and we can suppose f is sup-
and the result follows.
Observe that Lemma 4.1 is a particular case of Corollary 4.2. The corollary could be proved directly with the arguments of the lemma, but the notation would become more complicated.
Proof of Lemma 4.1.
The following easy observations will be used to prove Lemma 4.1.
Remark 1. Let E and F be vector bundles over the manifolds M and N,
respectively. Suppose f : E ! F is a homomorphism which restricts to isomorphisms on the fibers, and let g: M ! N be the map induced by f . Thus the homomorphism E ! g F, canonically defined by f , is an isomorphism. Therefore there is a composite of homomorphisms
Here, the first homomorphism is canonically defined by the pull-back diagram of g F, and the second one is induced by the inverse of E ! g F. If s 7 ! s 0 by the above composite, then s 0 is determined by f (s 0 (x)) = s( g(x)) for x 2 M. Remark 2. Set E = R n R k , and let i , i = 1, 2, denote the factor projections of E onto R n and R k , respectively. Let K be a compact subset of R n , and : V ! W a diffeomorphism between open neighborhoods of R n f0g. Suppose restricts to the identity on R n f0g. For any r > 0, let B r , S r R k respectively denote the Euclidean ball and the Euclidean sphere of radius r centered at the origin.
Then there is an R > 0 and an open neighborhood U of K such that, for every x 2 U and every y 2 B R , fxg R k intersects transversely ;1 (R n fyg) at just one point. Moreover, the map
can be given as the graph of a map y : U ! R k depending smoothly on y 2 B R , and (x, y) = (x, y (x)). It also has a smooth inverse since (x, y) = (x, 2 (x, y)). Therefore, for r (If E is of rank k, is a differential form of degree k ;1 restricting to unitary volume forms on the fibers and so that d = ; e, where e represents the Euler class of S.) Let r: E ! R denote the radius function, and h: E n M ! S the deformation retraction given by h(v) = v=r(v). For each n, let also n be a function on [0, 1) such that ;1 n 0, 0 n 0, n ;1 on a neighborhood of 0, and n 0 on [1=n, 1). Then each 
is a diffeomorphism whose differential is of fiberwise uniformly bounded norm, and for 0 < r R, ;1 (S r ) is transverse to the fibers of over U and : ;1 (U) \ ;1 (S r ) ! U is a sphere bundle whose fibers are of volume uniformly bounded by Cr k;1 .
The Φ n also represent the Thom class of E over U for n > 1=R. Hence
We have to prove that (6) and (7) converge uniformly to zero on K as n ! 1,
as well as all of its derivatives of any order.
Take a Riemannian metric on M, and a splitting TE = V H , where V is the vertical bundle of and H the horizontal bundle of any Riemannian connection.
This yields a Riemannian structure on TE defined in the standard way by using the canonical isomorphisms V = E and H = TM. We also have TM = Hj M , Hj S r TS r , and
Finally, we can assume
by the properties of .
By the conditions on , the supremum of j f ; f j over ;1 (U) \ ;1 (B 1=n ) converges to zero as n ! 1. Also the pointwise norm of e is uniformly bounded on ;1 (U) \ ;1 (B 1=n ), thus (7) converges uniformly to zero as n ! 1. On the other hand, because the fiberwise norm of each h : TS r ! TS is r ;1 , the pointwise norm of h is uniformly bounded on ;1 (U) \ ;1 (S r ) by C 1 r ;k+1 with C 1 > 0 independent of r R. So (6) also converges uniformly to zero on U as n ! 1 by the estimate on the volume of the fibers of on ;1 (U) \ ;1 (S r ). Now fix vector fields X 1 , : : : , X m on U. By (8) and (9) 
and let be the identity homomorphism. Then the order m derivative X 1 X m over (6) and (7) is respectively given by
and ; X
where I, J runs over the partitions of f1, : : : , mg. By the properties of H and , the supremum of the j I ( f ; f )j on ;1 (U) \ ;1 (B 1=n ) converges to zero as n ! 1. Hence (11) converges uniformly to zero on K because the pointwise norm of the J e can be uniformly bounded on ;
The uniform convergence of (10) to zero follows by estimating the pointwise norm 
the exponential map of the leaves of F defined on the ball of radius R centered at zero in ( 1 T x F 1 ) ? \ T x F. By elementary properties of the exponential map and since 1 is transversely regular with codim F 1 = codim F, R can be chosen so that˜ 1 is a local diffeomorphism and˜ 1 
E is of rank k, and with an induced orientation. The representatives Φ n of its Thom class, given by Lemma 4.1, can be assumed to be supported in B R . The where each n,j 2 Ω k c (F) is the extension by zero of the forms in Ω k c (F j 1 (V j ) ) which correspond to the n,j j V j by˜ 1 .
Given 2 : (M 2 , F 2 ) ! (M, F), we use the same notation as in the preamble of Definition 2.1. We can clearly assume the U j are contained in N 1 . Let = 1 1 = 2 2 : T ! M. There is a canonical isomorphism TF = 1 TF 1 2 TF 2 because the i j N i intersect transversely in F. So 1 E = 2 TF 2 canonically. This isomorphism will be considered as an identity. 
for any subset A N 1 , as can be easily checked.
Using the compactness of B R \ ;1 ( supp f j ) and since
we easily get
where the second equality follows by (12) . Then, since the
are compact, and since˜ 2 ˜ ;1
is an open neighborhood of
for large enough n, where
We can assume this holds for every n. Hence there is some ! n,j 2 Ω k c (F 2 ) which is supported in˜ (W j ) and has the same restriction to some neighborhood of supp D as 2 n,j . If F T is the foliation on 1 E defined by the fibers of T , there is some n,j 2 Ω k c (F T j W j ) such that (˜ 2 j W j ) ! n,j = 2 n,j . We get
by definition. Let h j : W j ! E be the immersion given by the composite W j˜ 2 ;;;! ;1
Clearly h j is an extension of 1 :
. Moreover the homomorphism between the normal bundles of O j and M 1 , defined by the differential of h j , restricts to isomorphisms on the fibers. These isomorphisms are orientation preserving on fibers over points with " = 1, and orientation reversing on fibers over points with " = ;1. Therefore R T j W j n,j converges to " 1 f j on ;1
1 ( supp f j ) \ supp D T with respect to the C 1 topology by Corollary 4.2. Hence (13) is equal to h( 1 , f ), ( 2 , D)i, and the proof is complete.
Remark 3. Observe that in Proposition 3.1 has representatives supported in any neighborhood of 1 (M 1 ). Thus, in Theorem 2.2, the linearly independent classes m 2 H c (F) also have representatives supported in any neighborhood of 1 (M 1 ).
Case where the leaves have homology classes with nontrivial intersection. This section will be devoted to the proof of Corollary 2.3.
Let M be the ambient manifold of F. Let i : i (TM=TF) ! K i denote the pull-back vector bundle projection, and identify K i to the image of its zero section. Fix a Riemannian metric on M and, for some R > 0, let M i be the tubular neighborhood of radius R around K i in i (TM=TF). Such R can be chosen so that the maps˜ i : M i ! M are well defined as composites of the restrictions of the canonical homomorphisms i (TM=TF) ! TM=TF (TF) ? , and the restriction of the exponential map of M to the tubular neighborhood of radius R of the zero section of TF ? . Choose R small enough so that˜ i : ;1
is an embedded transversal of F for each i and each x i 2 M i . Observe that is an isometry around the origin for all (x 1 , x 2 ) 2 K 1 K 2 with 1 (x 1 ) = 2 (x 2 ).
We can assume such a composite is an isometry on the whole B, which will be denoted by x 2 ,x 1 . 
where the sum runs over the pairs (x 1 , x 2 ) 2 K 1 K 2 with 1 (x 1 ) = 2 (x 2 ). Here
"(x 1 , x 2 ) = 1 depending on whether the identity 
Case of suspension foliations.
Proof of Corollary 2.5. Recall the notation used for suspension foliations in the statement of Corollary 2.5, and consider the fiber bundles M i = i M over K i .
Each canonical map˜ i : M i ! M is transverse to F, and let F i =˜ i F. Theñ i are transversely regular immersions of foliated manifolds. By deforming the i if needed, we can suppose the i intersect each other transversely, thus the˜ i intersect each other transversely in F. Moreover the orientations of the K i induce orientations of the F i .
The group of deck transformations of each pull-back covering map i L ! K i is isomorphic to Γ i , and F i is canonically isomorphic to the corresponding suspension foliation given by the restriction to Γ i of the Γ-action on T. Hence the f m can be canonically considered as compactly supported basic functions of To prove Proposition 2.8, we use the following. LEMMA 6.1. Let Γ be a finitely generated group, and X a connected T 1 topological space. For any continuous action of Γ on X, a finite union of orbits is dense if and only if each orbit in the union is also dense.
Proof. Take x 1 , : : : , x n 2 X such that X = Γx 1 : : : Γx n = Γx 1 : : : Γx n .
Each orbit closure Γx i can be decomposed as a disjoint union of sets
where F runs over the finite subsets of Γ. We have X = L I, where L = S n i=1 L i and I = S n i=1 I i . Moreover, since L is saturated we have L\I = . So I = because X is T 1 and connected. (If we had I 6 = , for any y 2 I, fyg would be closed in X because X is T 1 . But since L is closed and I = X n L is discrete, fyg would be also open in X. Thus X would not be connected.) Therefore X = L and L i = Γx i for each i. But each L i is closed in X, and L i \ L j 6 = implies L i = L j , obtaining X = L i for every i by the connectedness of X.
Proof of Proposition 2.8. Clearly, if the C-orbits are dense in X, so are the Γ-orbits. Reciprocally, suppose the Γ-orbits are dense. By a theorem of Stallings [31] , there is a finite normal subgroup F Γ such that Γ 1 = Γ=F is isomorphic either to Z or to the diedric group Z 2 Z 2 . The action of Γ on X defines an action of Γ 1 on the connected T 1 space X 1 = X=F with dense orbits. Since C is infinite, so is its projection C 1 to Γ 1 , and any infinite subgroup of such Γ 1 is of finite index. Therefore any Γ 1 -orbit in X 1 is a finite union of C 1 -orbits, and thus the C 1 -orbits are dense in X 1 by Lemma 6.1. This implies the density of the CF-orbits in X because the canonical projection of X onto X 1 is open and continuous. But any CF-orbit is a finite union of C-orbits. Hence the C-orbits are dense by Lemma 6.1.
Case of Lie foliations with compact semisimple structural Lie algebra.
Theorem 2.9 will be proved in this section (Corollaries 7.16 and 7.17). 
Construction of a spectral sequence for an arbitrary
Therefore D N is the composite of the second factor projection of the trivialization of N ! M defined by s and the inversion map on G. Let e F also denote the foliation on N defined by the lifting of F to all the leaves of G. e F is a subfoliation of G whose leaves are the intersections of the leaves of G with all the translations of s(M).
Let
TG be a G-invariant subbundle so that TG = T e F. We get
and thus there is a bigrading of Ω = Ω(G) defined by The decreasing filtration of (Ω, d) by the differential ideals F l = Ω l, ^Ω (17) depends only on G, e F ; it could be defined without using . So we get a spectral sequence (E i , d i ) which converges to H (G). As for the spectral sequence of a foliation (see e.g. [1] ), in this case there are canonical identities
The C 1 topology on the space of differential forms induces a topology on each So for each X 2 g there is a well-defined vector field X 2 C 1 ( ) which is D Nprojectable and such that D N X = X. Such X is G-invariant since X z g 2 zg and D N (X z g) = g ;1 D N X z = g ;1 X D N (z) = X g ;1 D N (z) = X D N (zg) .
Let X and i X respectively denote the Lie derivative and interior product on Ω with respect to X . (We are considering X and i X as operators on the leaves of G, but preserving smoothness on N.) By comparing bidegrees in the usual formulas that relate Lie derivatives, interior products and the de Rham derivative, we easily get
Therefore we get the operation (g, i 1 , 1 , E 1 , d 1 ), where i 1X i X and 1X ( X ) 0,0 according to (18) , and the algebraic connection D N : g ! E 1,0
1 Ω 1,0 [14] . Then E u,v 2 = H u (g; 1 : g ! End (E 0,v 1 )).
Let : N g ! N be defined by (z, X) = X 1 (z), where X t denotes the uniparametric group of transformations defined by X , considered as a group of transformations of the leaves of G preserving smoothness on N. Then the following diagram is commutative
where the lowest map denotes the operation on G. (This follows because X t = R exp (tX) for all X 2 g.) 7.2. Tensor product decomposition of E 2 when g is compact semisimple. From now on suppose g is compact semisimple, and thus G is compact [28] . THEOREM 7.1. With the above notations,
The result follows with the same type of arguments as those given in Sections 2 and 3 of [2] to prove Theorem 3.5 in [2] . We will indicate the main steps in the proof because some of them will be needed later.
Consider the canonical biinvariant metric on G [28, Chapter 6] , and let C G and C g be the cut locus and tangential cut locus corresponding to the identity element e 2 G. Let B be the radial domain in g bounded by C , and let B = exp (B ). From the general properties of the cut locus we have C = @B = GnB, exp: B ! B is a diffeomorphism, C and C have Lebesgue measure zero, and B is compact (since so is G) [22, 21] . Consider the compact space
and for each X 2 B the compact slice
Smoothness on F and F X will refer to the smoothness obtained by considering these spaces as subspaces of g 3 and g 2 , respectively.
Let : g 2 ! g 2 be the involution (Y, Z) 7 ! (Z, Y). For a = exp (X) we also have the smooth map J X : B \ L ;1 a B ! F X given by J X ( g) = ( log (g), log (ag)), where log = exp ;1 : Therefore, for all = (X, Y, Z) 2 Q j , H j ( , , 1, ): N I ! N is an e Fintegrable homotopy of Z to Y X [10] . Hence the corresponding homotopy operator in Ω preserves the filtration, and thus its (0, ;1)-bihomogeneous component k j, : Ω ! Ω satisfies ( X Y ; Z ) 0,0 = d 0,1 k j, + k j, d 0,1 .
Define the operators , : Ω ! Ω by setting
where ∆ = exp ∆ and Φ X is the homogeneous operator of degree ;1 on Ω associated to the homotopy tX (t 2 I) [9] . The operators and are linear homogeneous of degrees 0 and ;1, respectively, satisfying ; id = d + d. Moreover, since tX preserves the pair of foliations G, e F (because X is an infinitesimal transformation of G, e F ), Φ X reduces the filtration at most by a unit. Therefore the bihomogeneous operators 1 0,0 and 1 ;1,0 on E 1
For 2 Ω and X 2 B , by Lemma 7.2 and Corollary 7.3 we have
Take a smooth partition of unity f 1 , : : : , f k of F subordinated to the open cover Q 1 , : : : , Q k . Then the f j (X, , ) form a partition of unity of F X subordinated to the open cover given by the slices
Let Ψ X : Ω ! Ω be the (0, ;1)-bihomogeneous linear operator given by Proof. First, we shall prove that 1 (E 1 ) (E 1 ) 1 =0 . Take any 2 ker (d 0,1 ) defining [ ] 2 E 1 . If [ ] 2 1 (E 1 ), we can suppose = 0,0 for some 2 ker (d 0,1 ). Then
by (20) . Thus Lemmas 7.6 and 7.7 yield
Let : (E 1 ) 1 =0 ! E 1 be the inclusion map. If [ ] 2 (E 1 ) 1 =0 , since ( X ) 0,0 depends linearly on X 2 g, there is a linear map X 7 ! X of g to Ω so that ( X ) 0,0 = d 0,1 X for all X 2 g. Thus by Lemma 7.7 we get 0,0 = + d 0,1 Z B Z 1 0 ( sX ) 0,0 X ds ∆ (X), yielding 1 = id. In particular 1 (E 1 ) = (E 1 ) 1 =0 . We also have 1 ; id = d 1 1 + 1 d 1 , and the result follows.
End of the proof of Theorem 7.1. Since G is compact, the representation g is semisimple [14, Sections 4.4 and 5.12] . So
by [14, Theorem V in Section 4.11, and Section 5.26] . The result now follows from Lemma 7.8.
Relation between H (F) and E 2 .
THEOREM 7.9. With the above notations, H (F) = E 0, 2 .
To begin with the proof of Theorem 7.9, the section s: M ! N defines a homomorphism (s ) 1 : E 0, 1 ! H (F) since s d 0,1 = d F s . By restricting (s ) 1 , we get (s ) 2 : E 0, 2 = (E 0, 1 ) 1 =0 ! H (F). We will prove that (s ) 2 is an isomorphism. For any X 2 g set s X = X s: M ! N, which is an embedding, but not a section of N in general. Nevertheless s X (M) = s(M) exp (X). Analogously to s, the map s X also defines (s X ) 1 : E 0, 1 ! H (F). Let U X be the neighborhood of s X (M) given by
For each X 2 g and each x 2 M, s X defines an isomorphism
Proof. By Lemma 7.8 we have 1 = . We thus can choose forms , 2 Ω 0, such that d 0,1 = 0, = [ ], and = 0,0 + d 0,1 . Then (21) yields
Clearly (s X ) X = j s X (M) . Hence
by (22) . But since each Y s X (M) is e F-saturated, d 0,1 d e F commutes with the restriction to each Y s X (M). Therefore we get
which finishes the proof.
Since G is compact, there is a finite sequence 0 = X 1 , X 2 , : : : , X l of elements of g such that
Let U j = U X j T j = T X j , s j = s X j and j = X j for j = 1, : : : , l. Then N = U 1 U l .
Let h 1 , : : : , h l be a smooth partition of unity of G subordinated to the open cover exp (X 1 ) B, : : : , exp (X l ) B so that h 1 (e) = 1. Then D N h 1 , : : : , D N h l is a partition of unity of N subordinated to U 1 , : : : , U l .
Since each D N h j is constant along the leaves of e F, we get d 0,1 T = Td F . So T defines a map T : H (F) ! E 0, 1 . LEMMA 7.11. If 2 (E 0, 1 ) 1 =0 , then T (s ) 1 = .
Proof. For each X 2 g, let ( X ) 1 : E 1 ! E 1 be the homomorphism defined by X (( X ) 1 ( X ) 0,0 ). Since s X = X s, by (21) we have (s X ) 1 = s 1 ( X ) 1 = s 1 .
Therefore, by Lemma 7.10,
for j = 1, : : : , l. So, if = [ ] for 2 Ω 0, with d 0,1 = 0, there is some j 2 Ω 0, for each j such that ;
Since each D N h j is constant on the leaves of e F and d 0,1 d e F , we get
and the proof is complete. For
Therefore s 0,0 = s ! X 1 = !, and the proof follows.
Proof. It follows directly from Lemmas 7.11 and 7.12.
End of the proof of Theorem 7.9. By Corollary 7.13 we can consider T : H (F) 
where it is the G 2 -leafwise derivative of˜ 2 . So˜ 2 is mapped to zero in H k (G 2,V ), and thus˜ 2 = 0 by (23) , which finishes the proof. Then H (F, V) can be defined in the same way as H (F) by using (Ω(F, V), d F ) instead of (Ω(F), d F ).
Consider the following particular case. Let H be a simply connected nilpotent Lie group, K H a normal connected subgroup, and Γ H a discrete uniform subgroup whose projection to H=K is dense. Then let F be the foliation on the nilmanifold M = ΓnH defined as the quotient of the foliation e F on H whose leaves are the translates of K. In this case, M is closed and the leaves of The result will follow by induction on the codimension q of F.
For q = 0 and V the trivial line bundle, this is just a well-known theorem of K. Nomizu [27] . If q = 0 and V is arbitrary, the result still follows with the obvious adaptation of the arguments in [27] .
Suppose q > 0 and the result is true for foliations of codimension less than q. The proof has two cases.
The group Γ is nilpotent since so is H, thus the center of Γ is nontrivial. Let a be a nontrivial element in the center of Γ. By the universal property of Mal'cev's completion [23] , there exists a one-dimensional connected subgroup L of the center of H containing hai as a discrete uniform subgroup. L is isomorphic to R since H is simply connected. Let H 1 = H=L, and Γ 1 = Γ=hai. Clearly Γ 1 is canonically injected in H 1 as a discrete uniform subgroup. We get L \ K = 1 because hai \ K = 1, and thus there is a canonical injection of K into H 1 as a normal subgroup, defining a foliation F 1 on the nilmanifold M 1 = Γ 1 nH 1 . F 1 is a foliation of the type considered in the statement of this theorem, of codimension q ;1, but observe that the canonical injection of K into H 1 may not have trivial intersection with Γ 1 . The projection H=hai ! H 1 is canonically an S 1 -principal bundle (considering S 1 L=hai), so the induced map : M ! M 1 is also an S 1 -principal bundle in a canonical way. Then V canonically is an S 1 -vector bundle so that the partial connection is invariant, and thus induces the vector bundle V 1 = V=S 1 over M 1 with the corresponding flat F 1 -partial connection. The lifting of V 1 to H 1 is e V 1 = e V=L, which satisfies the same properties as e V with respect to K 1 instead of K.
For each x 2 M 1 and each m 2 Z, define C m,x = ff 2 C 1 ( ;1 (x), C ): f ( y ) = f ( y) e 2 m i for all y 2 ;1 (x) and all 2 S 1 R =Zg.
It is easy to see that H=hai ! H 1 . By the Fourier series expression for functions on S 1 , we get that
It can be easily seen that there is a canonical isomorphism
defined by and the canonical identity
Since F is preserved by the S 1 -action on M, d F preserves each Ω(F, V C ) m and corresponds to d F 1 by (24) . By induction Case 2. In the general case, let G = H=K and Γ 1 the projection of Γ to G. We use Mal'cev's construction for the pair (G, Γ 1 ). It yields a simply connected nilpotent Lie group H 1 containing Γ 1 as a discrete uniform subgroup, and a surjective homomorphism D 1 : H 1 ! G which is the identity on Γ 1 . The kernel K 1 of D 1 defines a foliation G of codimension q on the nilmanifold M 1 = Γ 1 nH 1 , and we have K 1 \ Γ 1 = 1. So G is the type of foliation we have considered in Case 1.
G is the classifying foliation for foliations with transverse structure given by (G, Γ 1 ). So there is a smooth map f : M ! M 1 which is transverse to G and so that F = f G. In this particular case, f can be constructed in the following way. By the universal property of Mal'cev's construction, the surjective homomorphism of Γ to Γ 1 can be uniquely extended to a surjective homomorphismf : H ! H 1 , which defines a map f : M ! M 1 . We have D 1f = D. So K is projected onto K 1 , and thus F = f F 1 . Moreover f is a locally trivial bundle with fiber the nilmanifold P=(P \ Γ), where P is the kernel off .
Fix a vector subbundle
TF which is complementary to the subbundle TF of vectors that are tangent to the fibers of f . Then we get a canonical isomorphism^T
yielding a bigrading of Ω(F, V) given by
Consider the filtration of Ω(F, V) given by the differential subspaces
which depend only on F and V; in fact they could be defined without using . This filtration induces a spectral sequence (E i , d i ) converging to H (F, V), whose terms (E 0 , d 0 ) and (E 1 , d 1 ) can be described as follows. The derivative d F decomposes as the sum of bihomogeneous operators d F,0,1 , d F,1,0 and d F,2,;1 , where each double subindex indicates the corresponding bidegree. These operators satisfy identities which are similar to those in (15) and (16), yielding (E 0 , d 0 )
(Ω(F, V), d F,0,1 ), (E 1 , d 1 ) (H(Ω(F, V), d F,0,1 ), d F,1,0 ).
Let k 1 be the Lie algebra of K 1 . Each X 2 k 1 canonically defines a vector field X 1 on M 1 which is tangent to the leaves of F 1 . Let X be the unique vector field on M which is a section of and projects to X 1 . For 2 Ω 0,v (F) and s 2 C 1 (V), define X ( s) to be the (0, )-component of X s + r X s, where r denotes the flat F -partial connection of V. It can be easily checked that X d F,0,1 = d F,0,1 X . So X defines an operator, also denoted by X , on E 0,
.
In this way, we get a representation of k 1 on E 0, 1 , and a canonical isomorphism E u,v 2 = H u (k 1 , ).
Define V 1,y = H f ;1 ( y), Vj f ;1 ( y) , y 2 M 1 ,
and let e V 1 be the lifting of V 1 to H 1 . It is easy to see that e V 1 canonically is a H 1 K 1 -vector bundle over the H 1 K 1 -manifold H 1 with an H 1 K 1 -invariant flat e F 1 -partial connection. (The fibers of e V 1 are of finite dimension since the fibers of f are compact.) It is also easily seen that there is a canonical isomorphism Let E i be the quotient of E i over the closure 0 i of its trivial subspace. Then E u, 2 = H u (F 1 , V 1 ) = H u k 1 , C 1 e V 1 H 1 by Case 1.
If the above filtration is restricted to the space of differential forms in Ω(F, V) whose lifting to H is H-left invariant, we get a spectral sequence (E i , d i ) converging to H k 1 , C 1 e V H , and there is a canonical homomorphism (E i , d i ) ! (E i , d i ) of spectral sequences. Analogously, we have a canonical isomorphism E u, 2 = H u (k 1 , C 1 (V 1 ) H 1 ).
So the composite E 2 ! E 2 ! E 2 is an isomorphism, and thus E 2 = E 2 0 2 as differential complexes. Then E 3 = E 3 H(0 2 , d 2 ), yielding H(0 2 , d 2 ) = 0 3 , and the above decomposition is of differential complexes. We get E 4 = E 4 H(0 3 , d 3 ). Continuing with these arguments, we finally obtain E i = E i 0 i as topological differential complexes for i 2, and thus Remark 4. For general Lie foliations with dense leaves and nilpotent structural Lie algebra, the classifying foliations are of the type considered in Theorem 2.10. On the one hand, if the ambient manifold is closed and the classifying map can be chosen to be a fiber bundle, then a spectral sequence argument shows that the leafwise reduced cohomology is of finite dimension. On the other hand, if the classifying map has unavoidable singularities, then they should correspond to handles on the leaves and the leafwise reduced cohomology is of infinite dimension by Corollary 2.4.
